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Assessment Begin

Presentation

Contended with mark?

Oral exam
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»

code: https://github.com/sueszli/optimal-tree-solver/blob/main/docs/grading.md



Assessment Begin

Presentation

too many paths per vertex

Oral exam

»

code: https://github.com/sueszli/optimal-tree-solver/blob/main/docs/grading.md



Presentation

mark =5

Contended?

Contended?

mark = 4

Oral Exam mark = 3

Add 1 to mark

Keep mark

Subtract 1 from mark

Subtract 2 from mark

code: https://github.com/sueszli/optimal-tree-solver/blob/main/docs/grading.md
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code: https://github.com/sueszli/optimal-tree-solver/blob/main/docs/grading.md

labels need arithmetic




yup, looks right!

Presentation Quality

Accept 4?

code: https://github.com/sueszli/optimal-tree-solver/blob/main/docs/grading.md



data schema:

labels:

split:

tree depth:
tree size:

[presentation grade, accept grade 3/4, oral grade]

[1) 2: 3) 4: 5]
but boolean in paper

we try to find a perfect decision boundary, full acc.
no entropy metrics, just brute forcing combinations.

3 (longest root-to-leaf path)
8 (count of non-leaf nodes)

Presentation Quality




we prefer decision trees to be small in depth/size:

- easier to interpret
- use fewer, more robust features




problems:

- minimum decision tree size (DTS)
- minimum decision tree depth (DTD)

decision problems.

but our algorithms also provide the solution.



Parameterized
Complexity



traditional complexity theory:

finding minimal (size/depth) decision trees is NP-hard (Hyafil & Rivast, 1976).

- no known polynomial-time algorithm exists for all instances unless P=NP.
- finding solution is computationally intractable for large inputs.



parameterized complexity theory:

contribution of this paper.
problem is fixed-parameter tractable.

problem is feasible for small problem parameter values, despite NP-hardness.

runtime is polynomial in the input size, but exponential in some problem parameters.



problem becomes fixed-parameter tractable when parametrized by:
- solution size/depth

- maximum domain size
- maximum hamming distance

might be redundant

O (f(sol, Dmax, Omax) - poly(n))

some exponential .
. polynomial
function . . .
in the input size
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how did the authors
find the right problem
parameters?

deconstruction of intractability:

find naturally occurring problem parameters
that strongly influence the problem’s runtime
(practical solvability).

- mostly trial and error.
- reductions to other problems.
- analyzing practical usage.



solution size:
- from problem definition

how did the authors max domain size:
find the right problem - determines search space for decision boundaries
parameters?

max hamming dist:

- 1s the size of largest set in “hitting set” reduction
- very small in practice



The optimal
decision tree
algorithm.



way harder

1) feature selection c;;\_,////

2) tree construction

code: https://github.com/sueszli/optimal-tree-solver/blob/main/src/mindt.py



2) tree construction

- input: examples, tree size + set of features
- output: minimal tree (or null)



21 v def findth(examples: List[Example], tree: Node, feature_assignment: Dict[str, str]) —> Optional[Dict[str, int]]:

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

# base case: leaf node
if tree.is_leaf:
if not examples:

return {}
is_positive = examples[0].is_positive
is_uniform = all(e.is_positive == is_positive for e in examples)

if not is_uniform:
return None
return {}

# get feature of node from assignment
feature = feature_assignment[id(tree)]

# find largest valid threshold for left child

threshold = binary_search(examples, tree, feature_assignment, feature, tree.left)
N NN

# try right subtree first

right_examples = [e for e in examples if e.features[feature]l > threshold]

right_assignment = findth(right_examples, tree.right, feature_assignment)

if right_assignment is None:

return None

# then try left subtree

left_examples = [e for e in examples if e.features[feature]l <= threshold]
left_assignment = findth(left_examples, tree.left, feature_assignment)
assert left_assignment is not None

# combine assignments
return {xx{feature: threshold}, xxleft_assignment, xkright_assignment}

input:

- tree structure

- feature assignment for
each test node

output:
- threshold assignment
for each test node

choose largest threshold
to minimize entropy

= monotonicity property
of thresholds

validation
on right child



53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
7
73
74
75
76

v def binary_search(examples: List[Examplel, tree: Node, feature_assignment: Dict[str, str], feature: str, left_child: Node) —> int:

domain_values = sorted(set(e.features[feature] for e in examples))

left = 0
right = len(domain_values) - 1
best_threshold = domain_values[0] - 1 # default if no valid threshold found

while left <= right:
mid = (left + right) // 2
threshold = domain_values[mid]

# try left subtree with current threshold
left_examples = [e for e in examples if e.features[feature]l <= threshold]
left_result = findth(left_examples, left_child, feature_assignment)

if left_result is not None:
# valid threshold found, try larger ones
best_threshold = threshold
left = mid + 1
else:
# try smaller thresholds
right = mid - 1

return best_threshold

recursively expand
on left child only



s: int) > Optional [Node]

160 v def find_minimal_tree(examples: List[Example], S: Setl[str]l, s: int) —> Optional[Node]:

e : , enumerate all possible:
161 """find minimal tree using features in S (theorem 4)"""

- Tree structures
- node feature assignments

# check if valid thresholds exist given a set of features.
thresholds = findth(examples, tree, feature_assignment)
if thresholds is None: validate each combination.

continue




1) feature selection

- input: examples, tree size
- output: minimal tree (or null)



31 v def mindt(examples: List[Examplel, s: int) —> Optional[Nodel]:

32
33
34
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44
45
46
47
48
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50
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53
54
55
56
57
58
59
60
61
62
63
64
65
66

v def

"""find minimal decision tree with at most s nodes (algorithm 3)"""
if not examples:
return None

global gamma
gamma = compute_global_assignment(examples) Bl for now
support_sets = enumerate_minimal_support_sets(examples, s) all possible feature combinations
best_tree = None that can distinguish most examples
for S in support_sets:

tree = mindts(examples, s, S)

alif treg—gﬁaﬂrsest_tree is None or count_nodes(tree) < count_nodes(best_tree)):

best_tree = tree

return best_tree if best_tree and count_nodes(best_tree) <= s else None

mindts(examples: List[Examplel, s: int, S: Set[str]l) —> Optional[Node]:
"""find minimal tree using features in S and branch with R@ (algorithm 4)"""
# find minimal tree with features S

current_tree = find_minimal_tree(examples, S, s)

if current_tree is None:

check if tree exists (see first stage)

return None

AconpiieIbRACH NN SERRe add “additional features” that help distinguish
RO = compute_branching_set(examples, S) all examples.

# recursively try adding each feature in RO find the “greatest common denominator”

best tree = current tree among all “additional features”,

for f in RO:

O ST ) called "branching set / RO

subtree = mindts(examples, s, new_S)
if subtree and count_nodes(subtree) < count_nodes(best_tree):
best_tree = subtree
return best_tree if count_nodes(best_tree) <= s else None



te_minimal_support_sets(examples: List[Example], s: int) —> L.

uneration of minimal support sets of size up to s (corollary 9)

e in examples if e.is_pos:
e in examples if not e.is_pos

ep in E_p

delta = set()

all_features -

f
valp e)
valm e
valp != vals
delta.add(f)
f delta:
delta_sets.append( frozenset (delta))
unique_delta = list({d for d in delta_sets if d})

1ot unique_delta:

results = set()

f backtrack(current_set: Set[str], index: int):
index == len(unique_delta):

f in list(current_set):
subset = current_set - {f}

= . . enumerating all possible
int) —> List[Set[str]]: =n o nF S
mostly distinguishing features

74 > def enumerate_minimal_support_sets(examples: List[Examplel, s

t(current_set))

results.add(froze;

current_d = unique_deltalindex]

current_set & current_d:
backtrack(current_set, index + 1)

f in current_d:
new_set = current_set | {f}

len(new_set) > s:

any(existing. issubset (new_set) for existing in results):
backtrack(new_set, index + 1)

backtrack(set(), )

mininal_support = (1
candidate in results:
candidate_set = set(candidate)

len(candidate_set) > s:

is_mininal = True
f in candidate_set:

subset = candidate_set - {f}
subset in results

is_minimal = False
is_minimal:
minimal_support.append(candidate_set)
mininal_support = list({frozenset(s): s for s in minimal_support}.values())
mininal_support = [set(s) in minimal_support]
mininal_support. sort(key= x: (len(x), sorted(x)))

mininal_support



262 v def compute_branching_set(examples: List[Examplel, S: Set[str]) —> Set[str]:

263
264
265
266
267
268
269
270
271
272
213
274
275
276
277
278
279
280
281

"""compute branching set R@ for support set S (lemma 14)"""
global gamma

# group examples by their S-feature values (partial assignments a)
equivalence_classes = defaultdict(list)
for e in examples:
alpha = tuple(sorted((f, e.features[f]) for f in S)) # represents «a
equivalence_classes[alphal.append(e)

# select one representative per non-empty equivalence class
E_S = [next(iter(group)) for group in equivalence_classes.values()]

# compute 6(e, y) for each representative

RO = set()

for e in E_S:
delta = {f for f, val in e.features.items() if gamma.get(f) != val}
R0O.update(delta)

return RO

a little hack
to find the “"branching set”.
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